
á»© I (1òg)œ•¡Ú (2019.11.16)

ò!OéeàK£zK 6©ß 48©§

1. ^ "� � äÛy lim
x!0

p
1� sin3 x = 1 .

2. ^ "�NäÛy lim
n!1

np
1 + n2

= 1 .

3. ¶ºÍ y =

r
x+ 2

x+ 5
sinx+ (arctanx)tanx òÍ⁄á©"

4. ¶4Å lim
n!1

 
a

1
n + b

1
n

2

!n

, Ÿ• a > 0 , b > 0 .

5.  f(x) =

8
<

:

x

1 + e
1
x

, x 6= 0,

0 , x = 0 .
?ÿºÍ f(x)3x = 0?åá5.

6. x1 > 0 , xn+1 = ln(1 + xn) . yÍ {xn}¬Òßø¶4Å lim
n!1

xn.

7.  f(x) = x ln(1 + x) + cosx + ax2 + bx + c = o(x2) , ¶ a , b , cä. e±xèƒO°ß

¶ f(x)'ux°Í⁄°Ã‹"

8. ºÍ y(x)dXeÎÍêß¬:

8
<

:
x = arctan t,

y = arccot t+ ln(1 + t2).
¡¶

dy

dx
,
d2y

dx2
.

!£10©§(ºÍ f(x)m‰:ßø`¥=´a.m‰:"

f(x) =

8
>>>><

>>>>:

x sin 1
x

1� e
x

1�x
, x 6= 0, x 6= 1,

0, x = 0,

sin 1, x = 1.

n!£10©§ºÍ f(x)3 [a, b]˛åáßÖºÍ f 0(x)ÓÇ¸N4O . e f(a) = f(b) , yÈòÉx 2
(a, b), k f(x) < f(a) = f(b) .

o!(10©) ¶dêß ex+y � xy � e = 0(Ç3: (0, 1)?ÉÇ⁄{Çêß"

 !(12©)  f(x)3 [a, b]˛åßÖ f 0(x) 6= 0 , q f(a) = 1 , f(b) = 0 , y

(1) 3 ⇠1 2 (a, b) , ¶ f(⇠1) =
4

5
;

(2) 3 ⇠2 , ⇠3 2 (a, b) (⇠2 6= ⇠3) , ¶
1

f 0(⇠2)
+

4

f 0(⇠3)
= 5(a� b) .

8!(10©)  f(x) = |x|ng(x) , Ÿ•nè¤Íßg(x)knÍ. 3üo^áe f(x)3x = 0?kn

Í ?
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á»© I (1òg)œ•¡Ú (2019.11.16)

ò!OéeàK£zK 6©ß 48©§

1. ^ "� � äÛy lim
x!0

p
1� sin3 x = 1 .

2. ^ "�NäÛy lim
n!1

np
1 + n2

= 1 .

3. ¶ºÍ y =

r
x+ 2

x+ 5
sinx+ (arctanx)tanx òÍ⁄á©"

4. ¶4Å lim
n!1

 
a

1
n + b

1
n

2

!n

, Ÿ• a > 0 , b > 0 .

5.  f(x) =

8
<

:

x

1 + e
1
x

, x 6= 0,

0 , x = 0 .
?ÿºÍ f(x)3x = 0?åá5.

6. x1 > 0 , xn+1 = ln(1 + xn) . yÍ {xn}¬Òßø¶4Å lim
n!1

xn.

7.  f(x) = x ln(1 + x) + cosx + ax2 + bx + c = o(x2) , ¶ a , b , cä. e±xèƒO°ß

¶ f(x)'ux°Í⁄°Ã‹"

8. ºÍ y(x)dXeÎÍêß¬:

8
<

:
x = arctan t,

y = arccot t+ ln(1 + t2).
¡¶

dy

dx
,
d2y

dx2
.

!£10©§(ºÍ f(x)m‰:ßø`¥=´a.m‰:"

f(x) =

8
>>>><

>>>>:

x sin 1
x

1� e
x

1�x
, x 6= 0, x 6= 1,

0, x = 0,

sin 1, x = 1.

n!£10©§ºÍ f(x)3 [a, b]˛åáßÖºÍ f 0(x)ÓÇ¸N4O . e f(a) = f(b) , yÈòÉx 2
(a, b), k f(x) < f(a) = f(b) .

o!(10©) ¶dêß ex+y � xy � e = 0(Ç3: (0, 1)?ÉÇ⁄{Çêß"

 !(12©)  f(x)3 [a, b]˛åßÖ f 0(x) 6= 0 , q f(a) = 1 , f(b) = 0 , y

(1) 3 ⇠1 2 (a, b) , ¶ f(⇠1) =
4

5
;

(2) 3 ⇠2 , ⇠3 2 (a, b) (⇠2 6= ⇠3) , ¶
1

f 0(⇠2)
+

4

f 0(⇠3)
= 5(a� b) .

8!(10©)  f(x) = |x|ng(x) , Ÿ•nè¤Íßg(x)knÍ. 3üo^áe f(x)3x = 0?kn

Í ?
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á»© I (1òg)œ•¡Ú(2020.11.21)

ò!OéeàK£zK6©ß48©§

1. ^ "� �äÛy lim
x!1

3
p
x = 1.

2. y lim
n!1

⇣ 1
n
� 1

n+ 1
+

1

n+ 2
� · · ·+ (�1)n

1

2n

⌘
= 0.

3.  f(x) =

⇢
x2x sinx, x > 0,

x, x 6 0.
¶ f 0(x).

4.  0 < x1 < 1, Öxn+1 = �x2n + 2xn (n > 1), yÍ {xn}34Åø¶T4Å.

5. ¶dêß ln
p

x2 + y2 � arctan
y

x
= ln 2§(¤ºÍ y = y(x)Í.

6. ¶Ç

⇢
x = et sin 2t

y = et cos t
3: (0, 1)?ÉÇ⁄{Çêß.

7. ¶4Å lim
x!0

p
1 + x+

p
1� x� 2p

1 + x2 � 1
.

8. Æ4Å lim
n!1

n↵

✓
arctan

2020

n� 1
� arctan

2020

n+ 1

◆
¥ÿè"~Í, ¶↵±9T4Åä.

!£10©§(±eºÍm‰:ßø`¥=´a.m‰:.

f(x) =

⇢
sin⇡x, xèknÍ,

0, xènÍ.

n!£12©§x ! 0ûß¶ 1� cos(sinx) + a ln(1 + x2)°Í⁄°Ã‹.

o!£10©§ºÍ f(x)3x = 2,çSåßÖ f 0(x) = ef(x), f(2) = 1, Oé f 000(2).

 !£10©§ f(x) =
x3

x2 � 1
, ¶ f(x)àºÍ.

8!£10©§ f(x)3 [0, 1]˛åáßÖ f(0) = 0, |f 0(x)| 6 1

2
|f(x)|. yµ3 [0, 1]˛ßf(x) ⌘ 0.
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á»© I£1òg§œ•¡Ú 2021.11.20

ò!{âK£zK 6 ©ß 48 ©§

1. ^¬yµlim
x!2

x+ 2

x� 1
= 4.

2. Oé4Å lim
x!0

p
1� x2 � 1

1� cosx
.

3. ± x èƒO°ß x ! 0 ûß¶ 5x � 1� ln(1 + x ln 5) °Ã‹.

4. ºÍ y = y(x) dêß arctanx+ ey + xy = 0 â—ß¶
dy

dx
.

5.  x1 2 Rßxn+1 =
1

2
sinxnßyÍ {xn} ¬Òßø¶ lim

n!1
xn.

6. ºÍ y = y(x)dÎÍêß

⇢
x = ln(1 + t2)

y = arctan t
(ß¶ t = 1ÈA:?Í

dy

dx
9

Í
d2y

dx2
.

7.  y = (x2 + 3x+ 1)e�x, ¶ y(99).

8. ¶4Å lim
x!0

⇣ax1 + ax2 + ax3 + ax4
4

⌘ 1
x
ßŸ• ai > 0, i = 1, 2, 3, 4.

!£10©§¶ºÍ f(x) =
|x� 1| tan(x+ 2)

x2 + x� 2
m‰:ßø`m‰:a..

n!£10©§ f(x) =

8
<

:

sinx

x
, x > 0,

1 + x2, x 6 0,

(1) ?ÿ f(x)ÎY5; (2) ¶ f 0(x)ßø?ÿ f 0(x)ÎY5.

o!£8©§ y = f
⇣2x� 1

1� 3x

⌘
ef(x), f 0(x) = sinx+ x, Ö f(0) = 1. ¶

dy

dx

����
x=0

.

 !£8©§x > 0ûßyÿ™µ0 < ex � 1� x� x2

2
< x(ex � 1).

8!£8©§ f(x) 3 [0, 1] ˛åß|f 00(x)| 6 M Ö f(x) 3 (0, 1) SÅåä.

yµ|f 0(0)|+ |f 0(1)| 6 M .

‘!£8©§yµ lim
n!1

nX

k=0

1

k!
= e.
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á»© I (1òg)œ•¡Ú (2022.11.12)

ò!yeàK£zK 6©ß 12©§

1. ^ºÍ4Å¬ ("� �äÛ)y lim
x!1

(x+ 2
p
x) = 3.

2. ^Í4Å¬ ("�NäÛ)y lim
n!1

n3qn = 0, (|q| < 1, q 6= 0).

!OéeàK£zK 6©ß 36©§

1. ¶4Å lim
x!1

✓
sin

1

x
+ cos

2

x

◆x

.

2. ¶4Å lim
x!0

ex
2 � cosx

x arcsinx
.

3. x > 0, ¶4Å lim
n!1

n

r
1 + xn +

⇣x2

4

⌘n
.

4. ºÍ f(x)3x = 0,çSåßÖ lim
x!0

f(x)

x
= 0, f 00(0) = 1. ¶ lim

x!0

✓
1� f(x)

x

◆1

x .

5. ¶ y =
5

x2 � x� 6
nÍ y(n).

6. ºÍ y = f(x)dÎÍêß

⇢
x = ln cos t

y = sin t� t cos t
§(, ¶

d2y

dx2
.

n!£8©§?ÿºÍ f(x) =
x arctan 1

x�1

sin ⇡x
2

ÎY5ßø‰Ÿm‰:a..

o!£8©§ºÍ f(x) = tanx � sinx + ex + ax2 + bx + c, ˜v f(x) = o(x2), ¶ a, b, c, ø

¶x ! 0 û f(x)°Í⁄°Ã‹.

 !£10©§x1 > 0, xn+1 =
xn + 6

xn + 2
, n = 1, 2, · · · . yÍ {xn}¬Òßø¶Ÿ4Å.

8!£6©§ f(x)3 (�1,+1)˛ÎYßÖ f(f(x)) = xk¢äß¶y f(x) = xk¢ä.

‘!£10©§ÆºÍ f(x)3 [ 0, 2 ]˛ÎYß3 (0, 2)SåßÖ f(0) = 0, f(2) = 2. yµ

(1) 3 ⇠ 2 (0, 2), ¶ f(⇠) = 2� ⇠;

(2) 3 ⌘, ⇣ 2 (0, 2), (⌘ 6= ⇣), ¶ f 0(⌘)f 0(⇣) = 1.

l!£10©§ f(x) =

8
<

:

1

x
(a ln(1 + x) + b cosx� b), x < 0,

1 + sinx, x > 0.
¡¶µ

(1) a, bè¤äûßf(x)3x = 0?å

(2) 3 (1)§·cJeßE‹ºÍF (x) = f(f(x))3x = 0?¥ƒåeåß¶—Ÿ

3x = 0?Íä.

3



á»© I£1òg§œ•¡ÚÎâY 19.11.16

ò! 1. 8" > 0 , d|
p
1� sin3 x� 1| = | sin3 x|

1 +
p
1� sin3 x

6 |x|3 < ",  � = "1/3 ,  0 < |x� 0| < �

ûk |
p
1� sin3 x� 1| < " .

2. 8" > 0 , d
���

np
1 + n2

� 1
��� =

|
p
1 + n2 � n|p
1 + n2

=
1p

1 + n2(n+
p
1 + n2)

6 1

n
,  N =

⇥1
"

⇤
+ 1 , 

n > N ûß
���

np
1 + n2

� 1
��� < " .

3. - y1 =

r
x+ 2

x+ 5
sinx , y2 = (arctanx)tanx , K y0 = y01 + y02, dy = (y0 + y0)dx, Ÿ•

y01 = y1(ln y1)
0 =

y1
2

✓
1

x+ 2
� 1

x+ 5
+

cosx

sinx

◆
,

y02 = y2(ln y2)
0 = y2

✓
sec2 x ln arctanx+

tanx

(1 + x2) arctanx

◆
.

4.  ab = 0ûß¥Ñ™è 0 .  ab 6= 0ûß

™ = lim
n!1

 
1 +

 
a1/n + b1/n

2
� 1

!! 1

a1/n+b1/n
2 �1

n·
�

a1/n+b1/n

2 �1
�

= exp

 
1

2
lim
n!1

 
a1/n � 1

1/n
+

b1/n � 1

1/n

!!
=

p
ab .

5. f 0
+(0) = lim

x!0+

f(x)� f(0)

x� 0
= lim

x!0+

x
1+e1/x

x
= 0, f 0

�(0) = lim
x!0�

f(x)� f(0)

x� 0
= lim

x!0�

x
1+e1/x

x
= 1.

K f 0
�(0) 6= f 0

+(0) ,  f(x)3 x = 0?ÿåßlÿåá.

6. ƒkd8B{åk xn > 0, qdu 0 < xn+1 = ln(1 + xn) < xn ,Í xn ¸N4~ke.ß¬

Òß4Å¥ AßK ln(1 +A) = AßlkA = 0 .

7. d f(x) = o(x2)å (1) lim
x!0

f(x) = 0, = 1 + c = 0, l c = �1;

(2) lim
x!0

f(x)

x
= 0, = lim

x!0

x ln(1 + x) + cosx+ ax2 + bx� 1

x
= lim

x!0

⇣
ln(1+x)+

cosx� 1

x
+ax+ b

⌘

= b = 0;

(3) lim
x!0

f(x)

x2
= 0,= lim

x!0

x ln(1 + x) + cosx+ ax2 � 1

x2

0
0= lim
x!0

ln(1 + x) + x
1+x � sinx+ 2ax

2x
0
0= lim
x!0

1
1+x + 1

(1+x)2 � cosx+ 2a

2
=

1

2
+ a = 0 =) a = �1

2
.

(4)

lim
x!0

f(x)

xk
= lim

x!0

x ln(1 + x) + cosx� 1
2x

2 � 1

xk

0
0= lim

x!0

ln(1 + x) + x
1+x � sinx� x

kxk�1

0
0= lim

x!0

1
1+x + 1

(1+x)2 � cosx� 1

k(k � 1)xk�2

0
0= lim

x!0

� 1
(1+x)2 � 2

(1+x)3 + sinx

k(k � 1)(k � 2)xk�3

4



l k = 3,  lim
x!0

f(x)

x3
= �1

2
. Kx ! 0û, f(x)°Íè3, °Ã‹è�1

2
x3.

8.
dy

dx
=

dy
dt
dy
dt

=
� 1

1+t2 + 2t
1+t2

1
1+t2

= 2t� 1,
d2y

dx2
=

(2t� 1)0

dx
dt

= 2(1 + t2).

!ºÍ3x 6= 0, x 6= 1 /êw,ÎYdu

lim
x!0

x sin 1
x

1� e
x

1�x
= lim

x!0

x
1�x

1� e
x

1�x

1� x

x
x sin

1

x
= � lim

x!0
sin

1

x
,

ÿ3ß§±x = 0¥1am‰:ßÖèm‰:.

du lim
x!1+

x sin 1
x

1� e
x

1�x
= sin 1, lim

x!1�

x sin 1
x

1� e
x

1�x
= 0, §±x = 1¥1òam‰:ßÖèam‰:.

n!?â x 2 (a, b), d•änß3⇠1 2 (a, x) , ⇠2 2 (x, b)ß⇠1 < ⇠2Ö

f 0(⇠1) =
f(x)� f(a)

x� a
< f 0(⇠2) =

f(b)� f(x)

b� x

åÌ—f(x) < f(a) .

o!ÉÇêßè y =
1� e

e
x+ 1, {Çêßè y =

e

e� 1
x+ 1.

 !yµ (1) duf(x)3[a, b]åßl3[a, b]ÎY"qf(b) = 0 <
4

5
< 1 = f(a), d0änß

3 ⇠1 2 (a, b), ¶ f(⇠1) =
4

5
.

(2) dLagrange•änß©Oƒ´m[a, ⇠1], [⇠1, b], å

f(⇠1)� f(a) = f 0(⇠2)(⇠1 � a), f(b)� f(⇠1) = f 0(⇠3)(b� ⇠1)

5øf(a) = 1, f(b) = 0, f(⇠1) =
4

5
, f 0(x) 6= 0, nå

�1

5

1

f 0(⇠2)
= ⇠1 � a, �4

5

1

f 0(⇠3)
= b� ⇠1

¸™É\y"

8!)µd4ŸZ[˙™åÜ¶—f(x)3x 6= 0? k (0 < k 6 n� 1)Íè

f (k)(x) = n(n� 1)(n� 2) · · · (n� k + 1)xn�kg(x)sgn(x) +
k�1X

i=0

Fn�i(x)g
(k�i)(x)sgn(x)

Ÿ• Fn�i(x)è x n�ig¸ë™"dÍ¬åkÈ?ø 0 < k 6 n�1, f(x)3 x = 0? k 

Íè". K f (n�1)(x) g(0) = 0ûåß= f(x)3 x = 0? nå.

5



á»© I (1òg)œ•¡ÚÎâY 2020.11.21

ò!1. ÿî |x� 1| < 1, = 0 < x < 2. 8" > 0,  � = min{1, "},

 0 < |x� 1| < �ûßk
�� 3
p
x� 1

�� = |x� 1|
3
p
x2 + 3

p
x+ 1

< |x� 1| < ".

2. )µnèÛÍûß

0 <
1

n
� 1

n+ 1
+

1

n+ 2
� · · ·+ (�1)n

1

2n
=

1

n
�
✓

1

n+ 1
� 1

n+ 2

◆
� · · ·�

✓
1

2n� 1
� 1

2n

◆
<

1

n
.

nè¤Íûß

0 <
1

n
� 1

n+ 1
+

1

n+ 2
�· · ·+(�1)n

1

2n
=

1

n
�
✓

1

n+ 1
� 1

n+ 2

◆
�· · ·�

✓
1

2n� 2
� 1

2n� 1

◆
� 1

2n
<

1

n
.

dY%OK= lim
n!1

⇣ 1
n
� 1

n+ 1
+

1

n+ 2
� · · ·+ (�1)n

1

2n

⌘
= 0.

3. f 0
+(0) = lim

x!0+

f(x)� f(0)

x
= lim

x!0+

x2x sinx

x
= 1, f 0

�(0) = lim
x!0�

f(x)� f(0)

x
= lim

x!0�

x

x
= 1,

§± f 0(x) =

8
<

:
x2x (2(1 + lnx) sinx+ cosx) , x > 0,

1, x 6 0,
.

4. ƒkd8B{å0 < xn < 1, qduxn+1 � xn = xn(1 � xn) > 0, œdÍxn¸N4Ok˛.ß

¬Ò. 4Å¥AßKA2 = Aßd{xn} ¸N4OåA = 1.

5.
dy

dx
=

x+ y

x� y
(x 6= y). 6. ÉÇêßè y =

1

2
x+ 1, {Çêßè y = �2x+ 1.

7. lim
x!0

p
1 + x+

p
1� x� 2p

1 + x2 � 1
= lim

x!0

p
1 + x+

p
1� x� 2

1
2x

2
= lim

x!0

1p
1+x

� 1p
1�x

2x
= �1

2
.

8.
arctan

2020

n� 1
� arctan

2020

n+ 1
=

1

1 + ⇠2

✓
2020

n� 1
� 2020

n+ 1

◆
⇠ 4040

n2
, Ÿ•⇠ 2

✓
2020

n+ 1
,
2020

n� 1

◆
,

↵ = 2, Ö lim
n!1

n2

✓
arctan

2020

n� 1
� arctan

2020

n+ 1

◆
= 4040.

!x0 = k (k 2 Z)ûßf(x0) = 0, fÎY.

x0 6= k (k 2 Z)ûßknÍS {xn,1} Ö lim
n!1

xn,1 = x0ûß lim
n!1

f(xn,1) = sin⇡x0; n

ÍS {xn,2}Ö lim
n!1

xn,2 = x0ûß lim
n!1

f(xn,2) = 0. ºÍ3x = x0?ÿÎYßÖè1am‰:.

n!)µa 6= �1

2
ûßlim

x!0

1� cos(sinx) + a ln(1 + x2)

x2

0
0= lim
x!0

sin(sinx) cosx+ 2ax
1+x2

2x
=

1

2
+ a 6= 0.

a = �1

2
ûß lim

x!0

1� cos(sinx)� 1
2 ln(1 + x2)

x4

0
0= lim
x!0

sin(sinx) cosx� x
1+x2

4x3

0
0= lim
x!0

cos(sinx) cos2 x� sin(sinx) sinx+ x2�1
(1+x2)2

12x2

0
0=� 1

12
+ lim

x!0

� sin(sinx) cos3 x� cos(sinx) sin 2x+ 6x�2x3

(1+x2)3

24x
=

1

24
.
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œdßa 6= �1

2
û°Ã‹è

�1
2
+ a

�
x2; a = �1

2
û°Ã‹è

1

24
x4.

o!f 000(2) = 2e3.

 !f(x) = x+
1

2

✓
1

x� 1
+

1

x+ 1

◆
, f 0(x) =

x4 � 3x2

(x2 � 1)2
;

n > 1ûßf (n)(x) =
(�1)nn!

2

✓
1

(x� 1)n+1
+

1

(x+ 1)n+1

◆
.

8!yµe3 [0, 1]˛ßf(x)ÿè"ß |f(x)| 3x0 2 (0, 1] ?àÅåä. d•änß3 ⇠ 2

(0, x0) ⇢ (0, 1], ¶ f 0(⇠) =
f(x0)� f(0)

x0
. l

|f 0(⇠)| = |f(x0)|
x0

> |f(x0)| >
1

2
|f(x0)| >

1

2
|f(⇠)|.

ÜK8^ágÒ.

á»© I£1òg§œ•¡ÚÎâY 2021.11.20

ò!1. ÿî |x� 2| < 1

2
, K

����
x+ 2

x� 1
� 4

���� =
3|x� 2|
|x� 1| < 6|x� 2|,

8" > 0, 9 � = min
�"
6
,
1

2

 
, ¶ 0 < |x� 2| < � û, ok

����
x+ 2

x� 1
� 4

���� < ", §± lim
x!2

x+ 2

x� 1
= 4.

2. x ! 0ûß
p
1� x2 � 1 ⇠ �1

2
x2, 1� cosx ⇠ 1

2
x2, lim

x!0

p
1� x2 � 1

1� cosx
= lim

x!0

�1
2x

2

1
2x

2
= �1.

3. lim
x!0

5x � 1� ln(1 + x ln 5)

xk
= lim

x!0

5x ln 5� ln 5
1+x ln 5

kxk�1
= lim

x!0

5x ln2 5 + ln2 5
(1+x ln 5)2

k(k � 1)xk�2
= ln2 5, (k = 2),

§±°Ã‹è (ln 5)2x2.

4. r yw§xºÍßêß arctanx+ ey + xy = 0 ¸>Èx¶ß
1

1 + x2
+ eyy0 + y+ xy0 = 0, §

± y0 = �
1

1+x2 + y

x+ ey
.

5. )µ{òµx2 =
1

2
sinx1 2 [�1

2
,
1

2
], d

8
<

:
0 6 sin t 6 t, t 2 [0, 1/2],

t 6 sin t 6 0, t 2 [�1/2, 0]
ß

 x2 =
1

2
sinx1 2 [0,

1

2
] ûß0 6 · · · 6 xn 6 xn�1 6 · · · 6 x2, dûÍ¸Ne¸ßke. 0ß¬Ò

 x2 =
1

2
sinx1 2 [�1

2
, 0] ûß0 > · · · > xn > xn�1 > · · · > x2, dûÍ¸N˛,ßk˛. 0ß¬Ò.

d lim
n!1

xn+1 = lim
n!1

1

2
sinxn 4Å A =

1

2
sinA, l4Åè 0.

{µ0 6 |xn| =
1

2
| sinxn�1| 6

1

2
|xn�1| =

1

22
| sinxn�2| 6

1

22
|xn�2| 6 · · · 6 1

2n�1
|x1|,

lim
n!1

0 = lim
n!1

1

2n�1
|x1| = 0, dY%OKå lim

n!1
|xn| = 0,  lim

n!1
xn = 0.

6.
dy

dx
=

1
1+t2

2t
1+t2

=
1

2t
,

d2y

dx2
=

�1
2t2
2t

1+t2
= �1 + t2

4t3
. §±3 t = 1?ß

dy

dx
=

1

2
,

d2y

dx2
= �1

2
.
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7. d4ŸZ[˙™, 

y(99) = (e�x)
(99)

(x2 + 3x+ 1) + C1
99(e

�x)
(98)

(x2 + 3x+ 1)0 + C2
99(e

�x)
(97)

(x2 + 3x+ 1)00

= (�1)99e�x(x2 + 3x+ 1) + 99 · (�1)98e�x(2x+ 3) +
99 · 98

2
(�1)97e�x · 2

= e�x(�x2 + 195x� 9406).

8.
lim
x!0

⇣ax1 + ax2 + ax3 + ax4
4

⌘ 1
x
= exp

⇣
lim
x!0

ln(ax1 + ax2 + ax3 + ax4)� ln 4

x

⌘

=exp
⇣
lim
x!0

ax1 ln a1 + ax2 ln a2 + ax3 ln a3 + ax4 ln a4
ax1 + ax2 + ax3 + ax4

⌘
= exp

⇣ ln a1 + ln a2 + ln a3 + ln a4
4

⌘

= 4
p
a1a2a3a4.

!)µºÍ3¬ç{x 2 R |x 6= 1, x 6= �2, x 6= k⇡ +
⇡

2
� 2, k 2 Z} ˛—¥ÎY;

3x = 1?, lim
x!1+

f(x) = lim
x!1+

tan(x+ 2)

x+ 2
=

tan 3

3
, lim

x!1�
f(x) = lim

x!1�
�tan(x+ 2)

x+ 2
= �tan 3

3
,

§±x = 1¥1òam‰:•am‰:;

3x = �2?, lim
x!�2

f(x) = lim
x!�2

�tan(x+ 2)

x+ 2
= �1,

§±x = �2¥1òam‰:•åm‰:;

3x = k⇡ +
⇡

2
� 2, k 2 Z?, lim

x!k⇡+⇡
2�2

f(x) = 1,

§±x = k⇡ +
⇡

2
� 2, k 2 Z—¥1am‰:•°m‰:.

n!)µ(1) d–ºÍÎY5ßf(x)3x 6= 0?˛ÎY;

3x = 0 ?, lim
x!0+

f(x) = lim
x!0+

sinx

x
= 1, lim

x!0�
f(x) = lim

x!0�
(1 + x2) = 1,

§± lim
x!0

f(x) = 1 = f(0), K f(x)3x = 0?èÎY; ? f(x)¥¬çR˛ÎYºÍ.

(2) x > 0 û, f 0(x) =
x cosx� sinx

x2
; x < 0û, f 0(x) = 2x.

f 0
+(0) = lim

x!0+

sinx
x � 1

x
= lim

x!0+

sinx� x

x2
= lim

x!0+

cosx� 1

2x
= 0, f 0

�(0) = lim
x!0�

1 + x2 � 1

x
= 0,

§± f 0(0) = 0.

ˆU¸˝Í4Ånÿß

lim
x!0+

f 0(x) = lim
x!0+

x cosx� sinx

x2
= lim

x!0+

�x sinx

2x
= 0 = f 0

+(0),

lim
x!0�

f 0(x) = lim
x!0�

2x = 0 = f 0
�(0), §± f 0(0) = 0.

œdf 0(x) =

8
>>><

>>>:

x cosx� sinx

x2
, x > 0,

0, x = 0,

2x, x < 0

Ö f 0(x)ÎY.
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!)µºÍ3¬ç{x 2 R |x 6= 1, x 6= �2, x 6= k⇡+
⇡

2
� 2, k 2 Z} ˛—¥ÎY; x = 1¥1

òam‰:•am‰:; x = �2¥1òam‰:•åm‰:; x = k⇡ +
⇡

2
� 2, k 2 Z—

¥1am‰:.

n!(1) f(x)¥¬çR˛ÎYºÍ. (2) f 0(x) =

8
>>><

>>>:

x cosx� sinx

x2
, x > 0,

0, x = 0,

2x, x < 0

Ö f 0(x)ÎY.

o!
dy

dx

����
x=0

= (sin 1 + 1) e.  !(—)

8!yµd f(x) 3 [0, 1] ˛åß f 0(x) 3 [0, 1] ˛3ÖÎY. d f(x) 3 (0, 1) S

Ååäß3 ⇠ 2 (0, 1) ¶ f 0(⇠) = 0. È f 0(x) 3 [0, ⇠] ⁄ [⇠, 1] ˛©OA^.ÇKF•ä

nµ

f 0(⇠)� f 0(0) = f 00(⌘1)(⇠ � 0), ⌘1 2 (0, ⇠), f 0(1)� f 0(⇠) = f 00(⌘2)(1� ⇠), ⌘2 2 (⇠, 1),

|f 0(0)|+ |f 0(1)| = |f 0(⇠)� f 0(0)|+ |f 0(1)� f 0(⇠)| = |f 00(⌘1)(⇠ � 0)|+ |f 00(⌘2)(1� ⇠)|

= |f 00(⌘1)|⇠ + |f 00(⌘2)|(1� ⇠)| 6 M.

‘!{ò: Í¸O, k˛. (˘ƒ4Å eûyLÍu 3), K4Å3.

n, KÈ?øm > n, (1 +
1

m
)m >

nX

k=0

1

k!
(1� 1

m
) · · · (1� k � 1

m
);

d4Å“5, -m ! 1, e >
nX

k=0

1

k!
, KÍ¸Ok˛.?¬ÒßÖe > lim

n!1

nX

k=0

1

k!
;

,òê°, (1+
1

n
)n =

nX

k=0

1

k!
(1� 1

n
) · · · (1� k � 1

n
) <

nX

k=0

1

k!
; -n ! 1, e 6 lim

n!1

nX

k=0

1

k!
;

§± lim
n!1

nX

k=0

1

k!
= e.

{: dë.ÇKF{ëV˙™, k ex =
nX

k=0

1

k!
xk +

e✓x

(n+ 1)!
xn+1, 0 < ✓ < 1.

K- x = 1k
���

nX

k=0

1

k!
�e

��� 6 e

(n+ 1)!
6 e

n+ 1
. d lim

n!1

e

n+ 1
= 0, K lim

n!1

nX

k=0

1

k!
= e.

á»© I (1òg)œ•¡ÚÎâY (2022.11.12)

ò!1. (—) 2. yµP a =
1

|q| > 1. 8" > 0, 5ø

|n3qn| = n3

an
=

n3a3

(1 + a� 1)n+3
<

n3a3

C4
n+3(a� 1)4

<
4!a3

(a� 1)4
1

n

N =


4!a3

(a� 1)4"

�
+ 1, Kn > N û, k |n3qn| < ", §± lim

n!1
n3qn = 0.

5



! 1. e. 2.
3

2
. 3. P f(x) = lim

n!1
n

r
1 + xn +

⇣x2

4

⌘n
, Kf(x) =

8
>><

>>:

1, 0 6 x < 1,

x, 1 6 x < 4,
x2

4
, x > 4.

4. e�
1
2 . 5. y(n) = � n!

(3� x)n+1
� (�1)n

n!

(x+ 2)n+1
. 6.

d2y

dx2
= cos t(cot t� t).

n!x = 0, x = 1, x = 2k(k = ±1,±2, · · · ) èm‰:, xèŸß¢Íû f(x)ÎY.

x = 0èåm‰:, x = 1èam‰:, x = 2kè1am‰:(°m‰:).

o!a = �1

2
, b = �1, c = �1. f(x)'ux°Íè 3ß°Ã‹è

2x3

3
.

!|xn+1 � 2| < 1

3n
|x1 � 2|, = |xn+1 � 2| ! 0(n ! 1), `Íxn¬ÒßÖ4Åè 2.

8!J´µÈºÍF (x) = f(x)� x3´m [x1, f(x1)] ˛ÎY^":n=å.

‘!J´µ(1) ÈºÍ�(x) = f(x) + x� 23 [0, 2]˛^":n;

(2) ÈºÍ f(x)©O3´m [0, ⇠]±9 [⇠, 2]˛¶^.ÇKF•än.

l!(1) a = 1, b = �3. (2) f(f(x))3x = 0?åßÖF 0(0) = cos 1.
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